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Abstract

In probability and statistics much works deals with how to assign probability to a certain
events with the study of the manner in which certain specified probabilities change in the light
of new information. In this paper we shall discuss the assumptions under which we can
represent these information and beliefs in terms of probability distributions, so we shall
consider the following question "how does we initially assign to these events the probabilities
based on so-called relative likelihoods among events.

1. INTRODUCTION
In many problems the assignment of a probability distribution over the relevant a-filed F of
events become routine and standardized among workers in those area, in some other
problems there are natural probability models that represent the situations. Hence we
interpret probability as a measure of individual’s personal belief in a particular event and
suitable probabilities can often be assigned objectively and quickly because of wide
agreement of a specific distribution for a certain type of problem.
2. Relative Likelihood Suppose we have a sample space S together with a-filed F and
suppose that its desired to assign a probability to each event in o-filed F and assumed that 2.1
A person when considering any two events can decide whether one of them as being more
likely to occurs than the other or the two events being equally likely to occurs, so we have the
symbols

A = B to indicate that B more likely to occurs than A.

A ~ B to indicate that A and B are equally likely to occur.
A =B toindicate that B is at least as likely to occurs as A or A is not more likely to occur
than B.

Hence if A = B, then either A < B or A ~ B.

Any probability distribution which assigned to the events in the o-filed F have the
property P (A) = P (B) if and only if A = B, a probability which has this property is said to
agree with the relation =.

We will introduce to the basic assumptions.
2.1 Assumption 1 For any events A and B, one of the following relations must hold:

A=B,A=B,A~B.
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2.2 Assumption 2 If Ai, A2, B1, and B: are four events such that A1A. =B:B> =@, and Ai
Z B, fori=1, 2, then A: U A2 = B:1 U Bz, and if in addition either A: < B: or

Az =Bz then A1 U Az < B1 U B.
2.3 Assumption 3 If Ais any events ,then @ A, aswellas @ < A.

2.4 Assumption 4 If A\ A2 o .... Is a decreasing sequence of events and if B is
some fixed event such that Ai = B, fori =1, 2,....then N ;A= B.

Several results can be derived from the first two assumptions, one interesting and im-portant

result is the transivity of the relation = .
Before proving this theorem we shall present a simple lemma.

2.5 Lemma Suppose that A, B ,and D are three events such that AD =BD =@ ,then A = B
,ifandonlyif AuD ZBuD.

Proof
Proof of this lemma follows from assumption 2 by substituting

Al=ABl=Band A2=B2=DthatisATB<=AluA2=< AuDZBluB2=Bu
D, where A1 nA2 < An D = B1 nB2=BnD = @ Consequently if A = B, then again by

assumption 2 that Au D = B uD.

2.6 Theorem If A, B ,and D are three events such that A = B and B = D, then

A =D.
Proof
A B
4 4 N
4 N
ABD _
ABD ABD
\. g
ABD
\ g
D

Consider the seven disjoint events shown in figure 2.6 whose union is A U B

U D it's known that
A=(A-B)U(AnB)=ABD uABD VU ABD U ABD

B=B-A)U(AnB)=4BD v ABD U ABD U ABD
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from lemma 2.5 it follows that
AT B =[(A-B)u(AnB) = (B-A)u (AnB)] = [A-B = B-A]
= ABDUABD S4BD U4BD (2.1)
, similarly since A = B, it follows again from Lemma 2.5 that
[(B-D)u (B nD) = (D-B) u (B nD)] = [B-D = D-B]
< ABD UABD S AEDUAED (2.2

Since the left and the right sides of relation 2.1, 2.2 are disjoint. From assumption 2.1 it
follows that

ABD U ABD U ABDUABD T ABD U

ABD UABD UABD (2.3)
By eliminate the term ABD U ABD from the both sides of (2.3) we get
ABD U ABD = ABDUABD
Now it can be seen from Fig 2.6 and lemma 2.5 that A < D.

2.7 Corollary If A, B ,and D are any three events such that A =z B B and B= D, then A= D.

Proof
Again from the figure 2.6 and by the same way
A B = ABDUAED S ABDUABD (2.4)
B=(B-D)U (BnD)
D=(D-B)u(BnD)

Since it follows from lemma 2.5 that

B<D=[B-D)UBND)< (D-B)U(BND)]<[B- D< D- B]

= ABDUABD = ABD
UAEBD (2.5)
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Since the left and the right sides of relation

2.4, 2.5 are disjoint again from assumption 2.1
We have

ABDU ABD U ABDU ABD < ABD UABDUABDUABD = ABDUABD
<ABDUABD = A =D

2.8 Theorem

If A, B are any two events then A = B if and only if 4 = B.
Proof
From lemma 2.5 we have
AT B = [(A-B)u(AnB) = (B-A) U (An B)] & [A-B = B-A] )

=[B-AzZAB]=[ANBZAnB]=[AnBzAnB]le A-BzB-A=[(4-B)
U(ANB)Z(B—A) V(AU B)le 4% 5.

2.9 Theorem If A, B are any two events, such that A = B then A =B.

Proof

D

A-B=@
p=ABSB-A=A=(A-B)U(ANB)SB=(B-A)n(AnB)

If A< B, then It follows from assumption 2.3 that @ = A-B = B-A. From lemma 2.5 we
have
(A-B)u(AnB)= (B-A)n(AnB), because
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(A-B)u(AnB)=A and (B-A)n (AnB)=B,then A ZB.

2.10 Theorem For any event A, A =S.

Proof

From assumption 2.3 and theorem 2.9 we have

h"'"ll

05Ae=pzAd=s52 A

The following theorem is the dual of assumption 2.4 and it could be taken as assumption.

2.11 Theorem

If A» © A.C... is an increasing sequence of events and if B is some fixed event
suchthat & £ Bfori=1,2,...then UZ,A % B.

Proof

If A» © A2C... is an increasing sequence of events and if B is some fixed event such
that 4: = B.fori=1, 2,.... hence by assumption 2.4 we have
® JA = B=(UL,A) = B« (again by theorem 2.8)(U%_ ,A) S B.

2.12 Theorem

If A1, A2,... is an infinite sequence of disjoint events and if B1,B2, ...

is another infnite sequence of disjoint events such that. A = B.fori =1, 2,....,then
UZ,A 5 U ;B . Ifinaddition & < B. for at least one value of i,i=1, 2,...., then
U A <UL, B.

Proof

it follows from assumption 2.2 that U7, A: S Ui_,B: foranyvalue ofn,n=1, 2,....,, hence
by theorem 2.9 we have

U A S U B.,n=12.. (2.6)
i=1 i=1

it follows from theorem 2.13 (because the left side of relation 2.6 yields an increasing
sequence of events, B = U=, B: that UL, A SUL B .
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If in addition Ai = Bi for at least one value of of i,i=1, 2,...., then It follows again
from assumption 2.2 that

U A.%U B, (2.7)
i=1 i=1

Furthermore, it follows from the first part of theorem 2.14 which has been just proved that

U AS U B, (2.8)
i=nt+l i=n+1

From the relations 2.7, 2.8 and assumption 2.2 we can obtain the following result

U =(Uoa)vUo,p) <(Uo ) (Uo.m)-U e

In the end of this section we shall present some results (without proofs) which are follows from
assumptions 2.1 to 2.4.

2.13 Theorem

If A1 = A2>... is a decreasing sequence of events and if B is an event such that
;214 < B.then A = B, only for a finite number of i.

2.14 Theorem

If Al = A2c... is an increasing sequence of eventsand B12B2>2... isa
decreasing sequence of events such that A. = B.fori=1, 2,.... then
UL_,A T N{L,B.

2.15 Theorem

If Al = A2>... is a decreasing sequence of events and B 1 = B 22... is also decreasing
sequence of events such that A: < B.fori=1,2,....then MiL;A = N;Z,B.. Furthermore
if

A ~ B fori=1,2,....then UZ,A ~N{_,B:;, and B 1< B 2C... is an increasing
sequence of events such that A. = B.fori=1,2,....then UZZ, A& S UL ,B.
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Now we will assigning a numerical probability to each event of those comparable relative
likelihoods on the bases of the assumptions which have been made before and agree with these
relations likelihoods.

2.16 Theorem If A, B are any two events then A == B if and only if P(4) = P(E).
Proof

by theorem 2.6
if P(A) = P(B) holds < 1 —P(4A)=1—-P(B) = P(A)=P(B) = AZ B plhiiidiidny A
= B.

This is true and agree with any relation likelihoods. Also we can state;

If the relation likelihood satisfies all the previous assumptions then the function P is the
probability distribution which agrees with theses relations.

3 Conditional Likelihood In this section we shall extend the concept of relation A = B

to the conditional likelihood ( A | D) = (B | D) for any three events A, B, and D. So
according to theorem 2.16, holds if and only if P(A | D) = P(B | D). Clearly this equivalent
can be required only for the event D, such that P(D) > 0, since conditional probability is
defined only for such event. For any event D, such that P (D) > 0, the inequality P(A | D) =
P(B | D) ~ P(AD) = P(BD). Furthermore, this inequality is equivalent to the relation AD =
BD.

With these remarks naturally leads to the next assumption.

3.1 Assumption 5 For any three events A, B, and D, (A | D) = (B | D), if and only
if AD = BD.

As we remarked above, when Assumption 2.1 to 2.4 are made and there exists a
probability distribution P, which can be uniquely specified, its sufficient for most purposes to
apply Assumption 3.1 only to events D such that P(D) > 0. Furthermore, it now follows from
Assumptions 2.1 and 3.1 that for any three events A, B, and D either (A | D) = (B | D) or (B
| D) = (A| D), both relation will always be correct when is an event such that P (D) = 0.

Finally we will present some Theorems without proofs which are results follow from the
Assumptions 2.1 to 3.1.

3.2 Theorem If A, B are any two events, such that A = B then (A | D) = (B | D) for any event
D.

3.3 Theorem For any three events A, B, and D, then (A | D) = (B | D), if and only
if(4] D)= (5| D).
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3.4 Theorem If Al = A2>... is a decreasing sequence of events and if B, D are any given
events such that (A | D) = (B| D) fori = 1,2,.... then
(Niz,;A|Dy= (B| D).

3.5 Theorem If D1,D2, ... be events such that . Dy ~ @ forall i = jand N~ ;D ~ 5. And if
A, B are any given eventssuch that (A | D. ) = (B | D. ) fori = 1.2,..... then
A = B. Ifinaddition (A | D.) < (B | D:)for at least one value of i = 1,2,..... then A < B.

4. CONCLUSION

Since the relations likelihood satisfies all the given assumptions in this article, hence the
function P is the probability that agrees with theses relations. Consequently, and as we have
seen most of the probability objective including conditional probabilities with help of these
assumptions can be proved in terms of the comparable likelihoods relations.
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